Phonon calculations
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Temperature: The ever present factor

- Need to understand the effects of temperature
on behavior.

-Prediction:

Need to know how the material will behave,
expansion, heating, softening ...

- Control:

Can use these behavior for control,
thermostats, phase change

- Design

For new applications, need to design materials
with specific properties

Most mechanical, electrical, magnetic and
optical properties depend on temperature
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Review of Densitx functional theorx

First Hohenberg-Kohn theorem: Existence

External potential V., and the number
Charge density, n <=> External potential, V of electrons completely define the
L problem
Flp()]= <T‘T +Veee T> Wave functions completely determined
Second Hohenberg-Kohn theorem: Variation from the Schrédinger Equation
Ev [HI(F)] _ F[Hf(}—,,')] + J.vm-; (F)nf(}_,.')d?: > ED fSL%sCtt?g:]Eroperties follow from wave
Schrodinger like equation ~ n Energy is a functional of V,,, and N.

Still don’t know F

Kohn-Sham mapping:

Remove many body effects.
N

1
E[{¢:i}]=> —;/‘ﬂf’f(f}vz‘ﬁf’i(r) dr + Eg[n(r)] +
i=1
+E,.[n(r)] + fﬂrﬁmt(r)n(r) dr
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ADb Initio calculations

Does QM include temperature?

m%@({l‘i}; {Rr};t) = He({ri}, {Rs}: )

12 h
H=_;2va%_zﬁ:2 2

e e Zj' EEZIZJ
2
‘ ;Iri—rl Zlﬂf—ﬁl jz;ll:fh!—f"url

Decouple nuclear and electronic contributions:
- Born Oppenheimer approximation

- Non-interacting electron cloud

- Local Density approximation Born Oppenheimer approxi@

+ Vi {”] {:l‘)} W (l“‘) == Ek‘l’i(r}

fr—v]
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Densitx functional theorx

Schrodinger equation ~ extremely complicated METAL:

More complicated, Fermi energy, No
gap,

Completely removed any notion of temperature? Total charge density= sum of states +
k points

Make assumptions to simplify

_ _ _ Depends on where we stop.
Not really. In practical applications of DFT _ _ _

Find fermi level and integrate below
Electronic temperature. Discontinuities

outdixr="Ft ! “phonons<tmp -’
-~

=v=temn
ibrav = 2. celldm(l) =6.833. nat= 1. nty]
ecutwic = 30
ecutrho = 300 Copper
starting _magnetizationi(l) = 0.7

occupations = 'smearing’

)
degau==s = 0.03 j/ \ﬁ
=mearing = '‘cold’ ¢
n=pin = 1.
o
electrons
mixing_beta o.7 |
" Sgk
e

conv_thr = 1 .0d4d-8
o
ATOMIC _SPECIES

Cu 63.546 Cu.pz—d-rrkju=s. UFF
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How to include temperature?

How does temperature manifest itself?

- An-harmonic terms e
- taken care of in MD sof

- But time and length scales too small for
practical applications ... until recently

60 1

401

-Perturbations in the atoms.

Energy (Kcal/mol)

I
=]
f

- As the temperature increases, total enerc
IS not only electronic energy, but includes
other degrees of freedom

Vibrational energy. T

Amount of vibration a measure of thermal
energy

Link thermal and temperature dependant
properties to these vibrations
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Vibrations in molecules 1

Total energy is a function of atomic positions
X =R, R, ..., Ry)

Within the Born-Oppenheimer approximation, keep the atomic positions fixed.
M
The total energy is given by: E=F, 4 1 ZiZ

2 R

k£1=1 ]Rk

How does one find the stable configuration of atomic positions? Minimize E
Provides a way to find perturbations from the stable configuration.

Expand

E(X) ~ E(X) + Z 5 PEX) | (x e R
k = aRk o BR]C o e fw @ ez @2 ky,an /7
Lkx=1 a).02=x,y.2 1, 2,0,

Harmonic approximation — \
D2E(X°)

Computing the Hessian i = (3Rk} o OR az)
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Vibrations in molecules 2

C ting the Hessi H PEX)
omputin € messSilan i1 =
p g ' aRk} L aRkQ.jO!z

GULP computes this using the BFGS scheme in the ‘opti’ command. Why is
this necessary? Are just the forces not enough?

A simple way to compute the Hessian: Compute the energies of various
small displacements of atoms

Using QM to compute these vibrations and their energies. For a small
displacement, there is a restoring force acting on the atoms. Pose this

as a Hamiltonian
M

. 1 2E(X®)
Hnﬁ“ +““ X(th}“R}a)(Rz% R(Zoc
2Mk Rk Z Z Ry, o R}, o) ¢ ‘ b

kl ko=1 o, 00p=x,y,2

Fas

The eigenvalues of this equation H, WV, = F,W¥,

define the energies and modes of vibration
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Vibrations in molecules 3

Change of variables to simplify the equations U = VM (R — Rf;)?

| 2E(X)

2
- Z V + 9 Z Z Uy Uy
/ ‘ 1.0 2,07 ¢
kl ky=1 aj,02=x,%2 Mklez aRkl,aldeg,fxz

Diagonalizable matrix D=> D=U"-A-U,

Dynamical matrix, D

Use it to convert the equations into non-interacting b = Z { 18 1 1
k

—5 oo o A
terms 5 au;\ . k kU

Can write wave function for nuclear vibrations as

W, (R, R, ..., Ru) = Wi (i) - Yra(itn) . .. Yrane (itzm ).

The nuclear vibration equation then becomes 1 d° ]
b [-— 5 g + zf\fkkfﬁ} Y (i) = Egir (g ).
Uy,

Eigenvalues are  £i = (mk + i] Vm,ks
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Vibrations in infinite solids

Have an infinite number of atoms. Cannot apply previous analysis directly.

Just like we used the Block theorem (symmetry arguments) to reduce our
computational domain, we utilize group symmetry arguments to reduce the infinite
Hamiltonian

Phonons a phonon is a quantized mode of vibration occurring in
a rigid crystal lattice

i‘iggﬁ: : : :; ; e @ ! Any vibration can be broken down into phonons:
&
aqg:g%%giaqagﬁ normal modes
o0 0® @ %20a00
e @@ %%2a Need to find the dispersion relationship
y > @ @ oo o dd
o .
:“ o @ @ @O Sd equilibrium
ﬂ?.%;; @ @ @ n-3 n-2 n-1 n n+1 n+2 n+3
oo oal aao® :
P B ?.'li o D — 4
n @ @ “g?-?..? |
u"|-3 un-: I'J"|—1 Un ur'-H IJ"|+2 Un+2
strained
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Pho

NONS

equilibrium
n-3 n-2 n-1 n n+1 n+2 n+3
~— a
I'In 3 un-E l'In 1 un un+1 I'|n+2 un+E
strained

V({uli, t]}) = Vo +

}r[u,rl --(

u[m, ¢]

Thi=—

a2V

v -
duln, t]/) ., o

1 = =
}'4’5 ”Eﬁ} m=z_m- wlmn, t] (E}?u[n, 1] Oulm, t]) wfrm, £]4- - ‘

£q

V({uli, t1}) = Vot

a2V

1 = —
= Z Z wlrn, t] (5.“_[11,][:]ﬂf}l[m‘t])equ[m’t]-F;

To—=—— 0 TFi— — 1

’.V({u[t',f.]}) =Vu+% i i u[n, ] D(n, m)u[m, t]

T=— O i = — {0

MAE 715 — Atomistic Modeling of Materials
N. Zabaras (3/25/2009)

12



Phonons

— a4V
Harmonic Matrix: D(n,m) = .
du[n, t] Sulm, t] eq

v({u[z',t]})=vu+% S S uln 1D (n, m)ulm, 4

T = T === X1

Force on the jh atom

v i) = -2 vy
M—ulj]| = — T({ i ]
dt= dulj] W — JD(E)
— VT
Equations of motion
d2 i — '
M—uln, t] = — D, mYu[m,t] D0 .
dt2 = —00 ; Z D )E—?L{I-p
p=—= .

. . . Dynamical Matrix D(k)
Assume time harmonic solutions

o

ﬂ-fmzf?[n] = Z D(n, m)T[m] — }J\-fwz = Z 5(-31‘_m)eikﬂ‘fm—”)

mM=—0 M= —0
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Phonons: Simpler example

equilibrium
n-3 n2 -1 . 141 142 ~+3  Nearest neighbor interactions only
aa
W OWWOVYW VWOV ONVWVO V= ¥ kb+1l-ub)?
p=—0oC

— g —=

D(k) = 2a—ae™ ™" ~ae

un-EI un-2 un-1 LIn IJr'|+1 I"Ir'|+2 un+3
strained
L
= 2a(1-coska) = 4asin® (— > )
2nd Brillouin zone 1st Brillouin zone 2nd Brillouin zone
NG)
. ka
‘.... =2,/ ‘sm (—)‘
‘» 2
k=2n/a k=-mia A k=mia B k=2m/a K
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Phonons: Another simple example

S LTI

n-1 ay s> n n+1
= '.‘E l-:l" "'*'

-
Y

Linear chain with Basis

u,[n-2] u,[n-1] u,[n-1] u,[n] u,[n] u[n+1]  u,[n+1]
strained
271 1 42 1/
W2 =1 + oz 1 n 1 + (o1 + a2) (ﬁ + ﬁ_j‘:_,:l _ 2aqa2(1 — coska)
o 2 My Ao 4 My Mo
""'-—.____-__-__
optiical branch What about 3D
I structures?
[/¥]
acoustic braV_
K — =
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Vibrational energy addition

V. Ty=U-—1T5,
To first order, assume that the atoms
vibrate harmonically about their
equilibrium positions

F(V.T)=E(V)+Fylw.T)

Find all possible vibrational modes
and compute the energy.

_ . o~ . [hwiq)
=FE(V)+ F(BTEq,. Jz ]_Il{ 2 511]11%. ﬁ] } :
1

exp(hwy . /kgT) —1

'(nF.:,s:' —

B rone de dilatation

B one de compression

m
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What after Phonons?

FREQUENCY

DOS: similar to electronic
Density of states

Useful in inelastic neutron
scattering and other
characterization methods,

Raman spectrography

But more importantly:

‘m MOST thermodynamic
- guantities depend on the

phonon DOS

MAE 715 — Atomistic Modeling of Materials

X N. Zabaras (3/25/2009)

17



What after Phonons?

h ,
Internal energy: E = "‘f do g(w) (hw) coth (%Hr)
: o F =rksT [* dwg(w) in [2sink [
Free energy: =rkgT ||~ dwg(w) In l s '(2@1‘“”

Entropy: S = rhn [© dwg(w) {(%) ot (?f_:‘:‘T) B — ;'%(Hj}

l’!.’...," ,]L d :-"LI-" :'.::..‘I .
kaT/ |

C =rkp ,'Irrhl o2 o) ( -E'TP" = ILL
N \EgT! —

Heat capacity C_:

Thermal mean square displacement: Bii(p) =< Ui(p) U () >

Bu(p) =

Ar 0 1 hew
2M, Jo 4w guulw) Ceoth (szT)

But .. Under the harmonic assumption (V = const)
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Phonon calculations: Density functional approach

Simple extension of DFT:
- The “frozen phonon” approach
- Similar to finite differences

- Perturb atom in unit cell to get specific k
vector

- Estimate dynamical matrices

- Compute intensive

Recent developments in perturbation theory:

Density functional perturbation theory.
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‘Frozen’ phonon approach

s

Inthe T"unit cell givenby  T; =n, - a+ny-b+n, - ¢

denote the " atom as K; ;

D— X,Y,Z

Displacement is given by u; ;i , = Ry o — R} ;. ..

2
) a-F,
VWF:MIE af"’rftﬁjﬂ[ ":}Hfzﬁz-.ﬂ’:

Dynamical matrix

Similar to the case of electron wave functions, apply symmetry to
displacements of atoms Mf,a — § :éik'Tﬁuf,ffz,a.

Substitute and recompute Dynamical | PE(X*) :Z P*E(X?) ST

matrix N gyk* 0UL, ity OU, 5 o

ok
[y,o dufz,ﬂéz
Reduced an infinite matrix to a series of finite matrices in k

Compute vibrational frequencies as a function of k
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‘Frozen’ phonon approach

Calculation procedure:

- Consider a specific k

- Start with the structure with lowest total energy

- Consider all the independent displacements of the atoms specific to this k

- Calculate the change in energy and fit to the mqatrix
E

- 2
-+ E —~ o H, U
N Hz'\" {1,060 .III:I.U".T':'
Iyl on,@z=x,yz2 d”! e q”f L2

- Phonon energies computed from diagonalizing the dynamical matrix

This is not a trivial procedure, but has been automated to an extent

Can only be done for high symmetry points because of the large cell sizes to
consider
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Linear Response theory

Small displacements of atoms,
The energy and potentials do not vary much (at least assumed)
Can we linearize energy variation about the minima w.r.t displacements?

dE, dH V()
Hellman-Feynman theorem i = (@ |——"|®> j[(f‘)

d’E, dp(r) dV(¥) d*V(rHT .
— - p( ) dr.
dA;dA ; di; dA; dar;da;

l

Interested in second derivatives

M

1 Z-ﬂizm
2 Z lﬁkﬁm|j|.

“ ktm=]1

of energy. Including the nucleus - &2 22
2 C

nucleus electrostatic energy TR
i "'“_,f \f “j

Displacing the nuclei will resultin ~ 2(F) = p(r) + Ap(r). ?

Verr(F) = Vegr(F) + AVeie(F)
Where

1 Ap(r’
AVer(F) = AVa(P) + 5 20D gy /&ﬁ(?’) Viel?) g1,
Ir~7| 5p(F")

and  Ap(F) = [IYi(F) + w,-(F_}F A NEP I AGRENAG)

[

This max now be solved self consistentlx
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Density functional perturbation theory

Density functional perturbation theory (DFPT) is a particularly powerful and flexible

theoretical technique that allows calculation of system responses to perturbation within
the density functional framework,

X(A) =x@ 4 ax® 4 X2x@ .. Basic premise
Variations upto first order term obtained by solving the Sternheimer equation

(HZL — e)9i) = —(Higs — ) |9?)

Where the first order KS Hamiltonian

HH'}S T —I—v{”{r] +ezfﬂ {H]dr + ﬁ;—mﬂ{ﬂ{r"]dr’_

on(r’)
Hence, first order energy is ... ];ij.niggrflrst order change in the wave
1] 1 0
V) = O HEL |19 ©). sy Z 0 14 o _ WD Q)

{01 {ﬂ]

First order electron density is

(1) N 0 L L 0 The computational cost of
n(r) = PO ()l (r) + P () (r) solving this system of linear
=1 equations is comparable to that

. . required to solve the zeroth
Self Consistent Perturbed Equations order Kohn-Sham equations
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Density functional perturbation theor

Energy can be written as
Bu(AT) =Bl +3° 3 5 (ara are, )ﬂ‘ ThaATYg +

axa byt g

Force, truncated to two orders

— Z Gm,ﬁ",ﬂ{a? b] ﬁTﬁ’,ﬂ
k' A

ﬂ FFT The dynamical matrix

- 1 . - -
Gm,u’,ﬂ(ﬂ] = N Z Gm,n’,ﬂ{avb:le_tq.mﬂ_m} —_— Dm,u’ﬁ{w = Gm,n’,ﬂ(ﬂ)f{MnMs’]lﬂ-
ab

Applicable to arbitrary k vectors Y Do (Wema(K, ) = w2 (k)
kx5t Emg\h = Wing®mq
K8

CORNELL, IAE ISR CBYr e ston 2



Numerical detalls

Get zero order wave SCF calculation, PW.x
functions

I ‘2n+1’ theorem

Get first order wave
functions

l

Compute the
dynamical matrices

l

Solve the eigen value
problem

M@J’E‘ N. Zabaras (3/25/2009)
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nSCF calculation, PW.x

h
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In momentum space, PH.x

n
v
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lllustrative example

Find the bulk modulus of Cu at 300 K
Instead of free energy must use Helmholtz free energy
. ha g (V)
F(T.V)=Epa(V)+ksT D In{2sinh—2—}
aj BT
where the first term is the energy of the static lattice at a given volume V and the

second term includes the phonon frequency. w,(V) indicates the frequency of the
jth phonon band at the point g in the Brillioum zone.

Choose a lattice constant
(i.e. volume V)

—

[ SCF calculation ]

(pw.x)
 —

Phonon calculation
(ph.x, g2r.x and matdyn.x)

Helmholtz free energy (F) calculation
at different T from input
(fgha.x)

m
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Total Helmholtz energy

el Minima@300
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Total minimum Helmholtz energy

-87.84 -

-87.842

Total Free Energy
S
g
T

o
=
£
()

-87.848

-87.85 bt

m
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Numerical ExamEIes

Copper: Variation of E (0 K) with lattice parameter

-87.83

-87.835

Energy (Ryd)
4
g

-87.845 |-

| | l | | | | l | | | |
6.7} 6.8 6.9 7 71
Lattice parameter (Bohr)

-87.85 ——

m
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Bulk Modulus

2 2.0 l
,_\1.5 5-(6 15
& M
< 2
"t Z 10
]
0'50_ — 4(|)o — scl)o — '12|oo — 05 I ‘ | l ' |
T (X) 0 400 800 1200
T(K)
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Phonon disEersion reIationshiEs

7 , All values match with

6 = LDA by arxiv:cond-
c Y arXiv:con

/ \ mat/0109020 v1 3 Sep 2001

o (THz)
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Phonon Density of States (P-DOS)

Used g2r.x and matdyne.x to get density of states

Phonon Frequencies in Copper at 49 and 298°K*

004 - B A
2 | 8r f
0 I ’ i
fa = L s
= 0.03 i
@ I &r e | 1|
2 I - o I -.1'
2 002 J-/ [ I
o i L ! ; |
o N ' . J '
F N
5 B / \ | I'I
001 21 / \ ‘.
I A |
K - ’{/ i
. 3~
0 el " 1
§ 200 !
w (K)

Phys Rev, 164, 1967
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Thermal eannsion

ap(T") — an(T})
ap(T.)

e(T) =

™ %)
e (%)

1o 400 800 1201 -1.0 ‘ ' : L : :
remperature (€) 0 400 800 1200
T (K)
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LInear eannsion

a(T) = 1 (-:im;.[T])

o (K™

et 1) dd’

4e-05 ' ' ' ' 4E-05
y, i

— LDA e

-—= GGA - i
39_05 B .expt -~ - 3E-05 B
—gzﬁ-osi—

0 | l I l I l 00'I'I4(|)o""3(|)o""120(1
0 400 800 1200 Temperature (K)

T(K)

m
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SEecific heat

CPHT) = 3= Cula) hsg( pr ) i |

2heT

J‘ 50 ! T

| (a) LDA

T 240t |

| S
- N e,
g 3 a} 30 I T . A
: > —-=C/ (cale) |
I 1]
5T < 20 == G2 (calc) -
; o) == C," (calc)

1 D} 1.0 — C_(calc) -

| O ®C, (expt)

o 00 @———r====4==== SEETLE Eitelbuuluialuy i

0 400 800 1200

Temperature (K)
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