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Description of a solid

Let’s consider a periodic solid. We indicate with
Rl = R/L + dS

the equilibrium positions of the atoms. R,, indicate the Bravais
lattice vectors and d the positions of the atoms in one unit cell
(SZ1,...,Nat).

We take N unit cells with Born-von Karman periodic boundary
conditions. Q is the volume of one cell and V = NQ the volume
of the solid.

At time t, each atom is displaced from its equilibrium position.
u,(t) is the displacement of the atom /.
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Within the Born-Oppenheimer adiabatic approximation the
nuclei move in a potential energy given by the total energy of
the electron system calculated (for instance within DFT) at fixed
nuclei. We call

Etor(R/ + u))

this energy. The electrons are assumed to be in the ground
state for each nuclear configuration.

If ju,| is small, we can expand E;; in a Taylor series with
respect to u,. Within the harmonic approximation:

0E, 92 Eqor
Eot(Ri+ur) = Etot(R) +Z tOtula 5 Z WUIQUJﬂ+‘..

where the derivatives are calculated at u; = 0 and o and
indicate the three Cartesian coordinates.
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Equations of motion

At equilibrium 4&2t = 0, so the Hamiltonian of the ions

becomes:
P? 8 Eto[’
H= %: M 2 Z c‘)u,aau Wiallys

where P, are the momenta of the nuclei and M, their masses.
The classical motion of the nuclei is given by the N x 3 x Ny
functions u,,(t). These functions are the solutions of the
Hamilton equations:

4 _ OH
la - 8P/a

: OH

P = ——r
low 3U/a
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Equations of motion-ll

With our Hamiltonian:

u o P/a
la - M/
92 Eror
Pla = § 8
75 8U/Q6UJ5

or:
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The phonon solution

We can search the solution in the form of a phonon. Let’s
introduce a vector q in the first Brillouin zone. For each q we
can write:

1 (AR, ~wat)
\/VSRG us.(q)e
where the time dependence is given by simple phase factors
gtiwal and the displacement of the atoms in each cell identified
by the Bravais lattice R,, can be obtained from the
displacements of the atoms in one unit cell, for instance the one
that corresponds to R, = 0: ﬁUSa(q)-

Upsa ( t) =
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Characteristic of a phonon - |

A T -point phonon has the same displacements in all unit cells
(q=0):

R 1 1 1 1 1 g=0
&® 69 690 69 &
2

A zone border phonon with qzz = G/2, where G is a reciprocal
lattice vector, has displacements which repeat periodically
every two unit cells:

R 1 1 1 -1 1q=%"%
e ® 90 & &9 9 & &
a a
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Characteristic of a phonon - I

A phonon with q = qzg/2 has displacements which repeat
every four unit cells:

iR ¢ i 1 N 1 q:%“i

e 4
&9 0 09 & 0 0 &»
a a a a

A phonon at a general wavevector g could be incommensurate
with the underlying lattice:

. -3
e[qR 1 el%\/Z eln\/z el%\/Z e|21t\/2 :2;\/;2
?—N-. 9 6 9 ¢ 69O 9O &
a a a a
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The phonon solution-lI

Inserting this solution in the equations of motion and writing
I =(u,s), J = (v,s") we obtain an eigenvalue problem for the

3 x Ng variables us,(q):

waUsa(d) = > _ Dsas's(a)us5(a)
s'B

where:

OEiot _ja(R,~R,.

1
Dgs =
sas ﬂ(q) \/m ; 8u#saauus'ﬂ

is the dynamical matrix of the solid.
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Within DFT the ground state total energy of the solid, calculated
at fixed nuclei, is:

Eur = (0~ 572100+ [ Vieo Do)+ Enls] + Excll+ U

1

where p(r) is the density of the electron gas:

p(r) =D [P

]
and |v;) are the solution of the Kohn and Sham equations. Ey
is the Hartree energy, Exc is the exchange and correlation
energy and Uy, is the ion-ion interaction. According to the
Hellmann-Feynman theorem, the first order derivative of the
ground state energy with respect to an external parameter is:

8El‘ot _ 0 V/oc(r) %

oA oA oA

p(1)d®r +
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Deriving with respect to a second parameter p:

2 2
0 EtOl‘ _ 0 V/OC(r) ( )d3r+ a UII
OO Ao OO
OWioe(r) Op(r) 3
+ oA o or

So the new quantity that we need to calculate is the charge
density induced, at first order, by the perturbation:

Ip(r) _ 81/)*( ) 31/11( )
ou _Z

$i(r) + 45 (r)

i

To fix the ideas we can think that A = u,s, and = U, g5
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The wavefunctions obey the following equation:
1
{—ZVZ + VKS(r)] ¥i(r) = eii(r)
where Vs = Vipo(r) + Vy(r) + Vie(r). Vks(r, 1) depends on

so that also ;(r, ), and ¢;(x) depend on u. We can expand
these quantities in a Taylor series:

oV
Vis(ton) = Vie(rs =0)+ n A8
i(r)
ALK - i\r, :O
¥i(r, p) Yi(r,p=0) + p on T
Oe;
eiln) = EI(NZO)‘*‘M@‘F---
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Inserting these equations and keeping only the first order in
we obtain:

1 0 i oV 8,
~57 + Vis(r) - o] 200 O ey 4 S

Where aVKS — 8Vloc + 8VH + anc and

oVy 1 0p(r) 5,
ou /]r—r’] o dr
8VXC . dVXC 0/)(I’)
o  dp Ou

depend self-consistently on the charge density induced by the
perturbation.
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The induced charge density depends only on Pcaw' where
P. =1 — P, is the projector on the conduction bands and
P, = 3"; i) (| is the projector on the valence bands. In fact:

agg.) _ Z Pcalg*(r)wl(r) _|_77[)7<(I‘)Pcaqgll(‘r)
40, 2000

0 81&7" % 87/),'
G = SPIE 0 suipgD
i ,Z,‘”I(W’“)( Wiy + ;ﬂ)
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DFPT

Therefore we can solve the self-consistent linear system:

1 oYi(r oV,
572+ Vis(r) —ai| P2 TS
where
8VKS _ 6V/oc + 8VH + avxc
o Ou ou ou
and

& E:%a%(%M)+wA0%&%y
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Dynamical matrix at finite q - |

The dynamical matrix is:

Duvs) = g S B
sas’'3 - MSMS/ » 8uu5aauus’ﬁ

eiqRV
u=0

Inserting the expression of the second derivative of the total
energy we have (neglecting the ion-ion term):

02V, AZON
3 —iqR,, loc iqR.,
/ d rZ( OU;500U,5 5 ° )p ®)

_iar. OV Op(r
i 3, iqR,, ¢ Vioc P glaRy
N/" (Z‘" ) (e )|

We now show that these integrals can be done over Q.

Dsasrp(@) =
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Dynamical matrix at finite q - Il

Defining:
PVio(r) 1 3 e iR, 8 Vioo(r) oiaR.
auza(q)auS’ﬁ(q) V MSMS’ v au,usaauys’ﬁ

we can show (see below) that #gj?ﬁ(m is a lattice-periodic

function. Then we can define

Ip(r) Z ciaR,
8U3/5(q) \/Ms’ Bul,s/g

8p(") lqr 8p(") dp(r)
and show that o@ = =€ (@)’ where By (@) is a

lattice-periodic functlon
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Dynamical matrix at finite q - Il

In the same manner, by defining
( avloc(r) ) Z —/qu avloc(r)
8u3a(q) \/ auﬂsa

and showing that av,oc((;)) = e’q’av’“((;)), where g:"’c((;)) is a

lattice-periodic function, we can write the dynamical matrix at
finite q as:

8 Vloc( )
as’ d3
Peasrsld / s (@)ous (@)

s, (ViooD) )" (_3p(r)
! /Qd’<ausa(q)> <ausfﬁ(q)>‘
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Dynamical matrix at finite q - IV

92 Vioe(r) 1 _igR,, 9% Vioe(r) iaR.

U5, (q)0us5(q) MsMs: o MpusaOlys g |y—g

is a lattice-periodic function because the local potential can be
written as Viee(r) = >, > ¢ Vipo(r — R, — ds — uy,6), and

82 Vipe(r) ; : I Qi _
m vanishes if u # v or s # s'. Since . = v the two

phase factors cancel, and we remain with a lattice-periodic
function:

82 ‘//Oc(r) _ 53’31 Z azvlgc(r - R;U' - ds - u'us)
U5, (q)ouss(q)  Ms OUpsaOUpss u=0
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Dynamical matrix at finite q - V

In order to show that:

00(1) 1~ 000) an, _ jar 001
8US/5(Q) VMg > 8u,,s/g aus/ﬁ(q)

where 88"('() ) is a lattice-periodic function, we can calculate the

Fourier transform of 8”(’()q) and show that it is different from
zero only at vectors q + G where G is a reciprocal lattice
vector. We have
9p / 38, o-ik
d°re ™
8Us/5( V v Mg Z 8uys/g
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Dynamical matrix at finite q - VI

Due to the translational invariance of the solid, if we displace
the atom s’ in the direction 3 in the cell v = 0 and probe the
charge at the point r, or we displace in the same direction the
atom s’ in the cell v and probe the charge at the pointr + R,
we should find the same value. Therefore

dp(r+Ry,)  Op(r)

aul,s/g - al.loslg
or, taking r = ¥ — R,,, we have ap(r,; é;o 5 ») which can be
inserted in the expression of the Fourier transform to give:
dp / 3, —ik 6,0 r — ) iqR
_— d°re ™ e'dhv
8u5'ﬁ( V Ms/ Z OUOS/B
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Dynamical matrix at finite q - VII

Changing variable in the integral and settingr =r — R,,, we
have

_ / (9p(l’ _
d3 ! A—iKr
au‘g’/@ / \% S' Z 8u05/ﬁ

The sum over v: 3~ €@ ¥R gives Nifk = q+ G and 0
otherwise. Hence 8u‘9 (k) is non-vanishing only at
k =q+ G. It follows that

dp(r) glar iGr
— = G)e
8U5/g Z 8U /g q + )

and the sum over G gives a lattice-periodic function.
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Properties of the wavefunctions: Bloch theorem

According to the Bloch theorem, the solution of the Kohn and
Sham equations in a periodic potential Vis(r 4+ R,) = Vks(r):

[—;Vz + VKS(r)] Vv (F) = exvtby(r)

can be indexed by a k-vector in the first Brillouin zone and by a
band index v, and:

Ykv(r+Ry) = eikR”d}kv(r)a

¢kv(r) = eikrukv(r)a
where uy,(r) is a lattice-periodic function. By time reversal
symmetry, we also have:

kv (1) = P ().
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Charge density response at finite q - |

The lattice-periodic part of the induced charge density at finite
q can be calculated as follows. We have:

dp(r) _ 1 Oy v I‘) gl
Dussla) Vs 2 [ <Z By ) e
+ Yy (r)Pe (Z (?f]kl,‘;,ﬂ /qu,> ] .

Changing k with —k in the first term, using time reversal
symmetry _, (r) = ¢, (r), and defining:

My(r) 1 8¢kV(r)eiqRy

dugp(d) VMg <~ Ouyep 7
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Charge density response at finite q - Il

we have:
3p(r 2 Z ¢ P awkv(r)
8us/ N kv Cau /5(q)

We can now use the following identities to extract the periodic
part of the induced charge density:

Owe(r) e OUk(F) e Oukv(¥) jigR,
8U3/5(Q) 8Us/ﬁ(Q) v Mgy » auyslg
_ gilkta)r Iy (1)
aus’ﬁ(q)’
where 8”'”((;) is a lattice-periodic function.
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Charge density response at finite q - Il

The projector in the conduction band P, =1 — Py is:
Pe = Zwk’c(r)wlﬁ/c(r/)
k'c
= > & Uee(n)tige(F)e "
k'c

_ iK'r pk’ ,—ik'r’
= > M"PEe T,
k/

but only the term k’ = k + q gives a non zero contribution when

applied to ‘9“’"”%2) We have therefore:

8p(r) — eiql’zz ulﬂ;v(r)P(l:(—i-q aukV(r)

ugp(d) - g (q)’
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Charge density response at finite q - IV

so the lattice-periodic part of the induced charge density,
written in terms of lattice-periodic functions is:

p(r) pk+a aNUkv(r)
N =2 —_—
8us/5 q Z kv C 8”5’6(‘1)
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_First-order derivative of the wavefunctions - |
86:1‘1'/‘;((2) is a lattice-periodic function which can be calculated
with the following considerations. From first order perturbation
theory we get, for each displacement u, s 3, the equation:

v (r) _ P, 0Viks(r)
8”1/3’6 auzxs’ﬂ

wkv(r)-

1
|:—2V2 + VKS(r) - 6kv} Pe

Multiplying every equation by ﬁe’qm and summing on v, we

get:
ARG R
9 Vis(r)
_PC v
auslﬁ(q)w ().
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First-order derivative of the wavefunctions - Il

Using the translational invariance of the solid we can write

OVks(r) _ 1 OViks(F) iar, _ giar dVis(r)
8Us/ﬁ(C|) v Mg » 8Ul,s/g aus/g(Q)7

where 8VKS((;)) is a lattice-periodic function. The right-hand side
of the Ilnear system becomes:

(k+q)r Pk+q 0 VKS(
duss(q

%ukv( )
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First-order derivative of the wavefunctions - Ill

In the left-hand side we have

Otk (r) jigR, _ gitkra)r pkeia duy (1)

\/ Ms Z My Ougp(q)’

and defining

H&+a = g—i(k+a)r [ ;vz + va(r)] (ktayr,

we obtain the linear system:

= —P; T — S Uky(F).

[Hkﬂ ] pk+qM _ kg IVks(n)
aus’ﬁ(Q) 3uslﬂ(q)
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Linear response: the self-consistent potential - |

The lattice-periodic component of the self-consistent potential
can be obtained with the same techniques seen above. We
have:

OVks(r) _ 9Vioc(r) /ds / Ip(r')
8uys/5 8U1,5/5 |r —r ‘ 6uys/5
Ve 9p(r)
6,0 auus’ﬁ'

Multiplying by —— /@R~ and adding, we obtain:
My

0 Vis(r) _ OVioe() /d3 / Ip(r')
dug3(q)  Ougs(q) Ir — 1| dug5(q)
OVxe  Op(r)
dp Ougp(q)
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Linear response: the self-consistent potential - Il
Keeping only the lattice periodic parts gives:

eiqr a~VKS(") _ eiqr a~Vloc(r) + /dsr/ 1 eiqr’ 8~P(r/)
r—r|

dugs(@)  dugp(q) Oug ()

Ve glar 8~p(l‘)

+ ;
Ip Ous ()

or equivalently:

a~VKS(r) aNVloc(r) / 3, 1 iq(r — 5P(r/)
= + [ d®r glalr—n 0/
dugs(d)  Ougp(q)

r—r| Uy 5(q)
OVie(r) p(r)
dp Ougp(q)
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ph.x

The program ph . x solves this self-consistent linear system for

3 x Nz perturbations at a fixed vector q. With 837;'()q) for all

perturbations, it calculates the dynamical matrix

DSas’ﬂ(q)

at the given q as discussed above. Diagonalizing this matrix we
obtain 3 x N frequencies wq. By repeating this procedure for
several q we could plot wq as a function of q and display the
phonon dispersions. However, it is more convenient to adopt a
different approach that requires the calculation of the dynamical
matrix in a small set of vectors q.
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Phonon dispersions

The dynamical matrix of the solid:

1 92 Eot iq(R.,—R,)
l _ v a3 1
Dsass(d) VMsMg ; OUy500U,¢ 3 e (1)

is a periodic function of q with Ds,s3(q + G) = Dsas5(q) for
any reciprocal lattice vector G. Furthermore, due to the
translational invariance of the solid, it does not depend on p.
Eqg.1 is a Fourier expansion of a three dimensional periodic
function. We have Fourier components only at the discrete
values R, of the Bravais lattice and we can write:

: ou : = - /d3C|D / (q)e iq(R,—Ry)
MSMS’ Msgéauys//g (27-[-)3 Sas ﬁ .
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Discrete Fourier transform

We can use the properties of the discrete Fourier transform and
sample the integral in a uniform mesh of q vectors. This will
give the inter-atomic force constants only for a certain range of
values of R, neighbors of R,,.

In order to recall the main properties of the discrete Fourier
transform, let us consider a one dimensional periodic function
f(x + a) = f(x) with period a. This function can be expanded in
a Fourier series and will have a discrete set of Fourier
components at k, = %”n, where nis an integer (positive,

negative or zero).
f(x) =) coe™™
n

where the coefficients of the expansion are:
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Discrete Fourier transform - |l

1

a .
Ch = / f(x)e kX dx.
alJo

In general, if f(x) is a sufficiently smooth function, ¢, — 0 at
large n. Now suppose that we discretize f(x) in a uniform set of
N points x; = jAx where Ax = a/Nandj=0,...,N -1, then
we can calculate:

—_

N—
- 1 _i2m
8= 2 fO)e

-

Cn is a periodic function of nand ¢,y = Cn- So, if N is
sufficiently large that ¢, = 0 when |n| > N/2, ¢, is a good
approximation of ¢, for |n| < N/2 and the function

Andrea Dal Corso Density functional perturbation theory



Crystal lattice dynamics: phonons
Density functional perturbation theory
Codes for phonon dispersions
q-vectors parallelization: a few ideas

Discrete Fourier transform - Ill

n=N/2

Z &n eian

n=-N/2

is a good approximation of the function f(x) also on the points
x different from x;. In three dimensions the discretization of
Eg. 2 on a uniform mesh of q; vectors is:

azEtoi - Z CS &8 ql —iq;(Ry Ru)
(67
8uu$aauyslﬂ q

where we defined Cs,s5(0) = vVMsMs Dsos5(q). Since

_ PEt _
TR TR depends only on the vector R = R, — R,,, we can call
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g2r.x
Csas3(R) = (%ﬁ% and write the relationship:
Nq
Csas's(R) Z Csas'p(di)e GRS

The code g2r. x reads a set of dynamical matrices obtained for
a uniform mesh of q; vectors and calculates, using this
equation, the inter-atomic force constants for some neighbors
of the point R = 0.
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matdyn.x

If the dynamical matrix is a sufficiently smooth function of q, the
inter-atomic force constants decay sufficiently rapidly in real
space and we can use Eq. 1 limiting the sum over v to the few
neighbors of R,, for which we have calculated the inter-atomic
force constants. With the present notation Eq. 1 becomes:

Csas'p(A) = Z CSas’B(R)eiiqu 3)
R

a relationship that allows the interpolation of the dynamical
matrix at arbitrary q, by a few inter-atomic force constants. The
program matdyn . x reads the inter-atomic force constants
calculated by g2r . x and calculates the dynamical matrices at
an arbitrary q using this equation.
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This procedure fails in two cases:

@ In metals when there are Kohn anomalies. In this case
Ds,s5(q) is not a smooth function of q and the inter-atomic
force constants are long range.

@ In polar insulators where the atomic displacements
generate long range electrostatic interactions and the
dynamical matrix is non analytic for @ — 0. This case,
however, can be dealt with by calculating the Born effective
charges and the dielectric constant of the material.
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Use of symmetry

Phonon dispersions require the DFPT calculation on a uniform
mesh Ng, x Ng, x Ng, = Ny of q vectors. The CPU time can be
roughly estimated as

Nq X 3 X Nat X TSCf

where Ty is the CPU time of a single self-consistent
calculation. Using symmetry the g-vector mesh is reduced to a
set of Ny non equivalent q vectors. The calculation of the
dynamical matrix at each q vector requires an amount of CPU
time roughly proportional to the size of its star of q vectors. So
low symmetry q vectors require much more CPU time than high
symmetry ¢ vectors mainly because ph. x uses only the
symmetries of the small group of q to reduce the k points.
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Use of symmetry - Il

On the other hand, from the dynamical matrix at q we can
obtain, for free, the dynamical matrices of the star of q that is
larger for low symmetry q. Not all the 3 x N, perturbations
have to be calculated simultaneously at each ¢. Choosing
displacement patterns that transform according to an
irreducible representation (irrep) of the small group of q, the
number of patterns that transform among themselves is equal
to the dimension of the irreducible representation. For standard
point groups the maximum dimension is 3, while for q at zone
border and nonsymmorphic point groups the maximum
dimension could be larger, up to 6.
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SCF calculation

Distribution over
irreps.

Serial execution

ph.x
Dynamical Matrix
reconstruction
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q-vectors parallelization

The phonon code is parallelized as the pw. x code: reciprocal
lattice vectors G can be distributed among CPUs and/or k
vectors used for the integration over the Brillouin zone can be
distributed among pools of CPUs. In addition, it is possible to
calculate in parallel the contribution to the dynamical matrix of
each irrep for each q vector.

Different q vectors might require quite different CPU time so the
dynamical matrix of each q vector is calculated independently.
The two input parameters start_gand last_g allow the
choice of the q vector in the list of Ny vectors. To parallelize
only on q vectors it is convenient to send many runs on different
CPUs with different outdir directories. Preliminarily, the
outdir produced by pw. x has to be copied in all the outdir
directories where ph . x will run.
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q vectors and irreps parallelization

q vectors and irreps parallelization is slightly more complex
because each run must use the same displacement patterns.
Therefore, after running pw. x, a preliminary run of ph . x with
the two flags start_irr=0and last_irr=0 calculates and
saves on disk the displacement patterns for all q vectors and
irreps. Then ph. x can run separately on different machines or
on different CPUs. Each run calculates one or more irrep as
specified by the four variables start_g, last_q, start_irr,
last_irr. The outdir produced by pw.x and by the
preliminary run of ph. x has to be copied in all the outdir
directories where ph. x will run.
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Collecting the results

After running ph . x for all q vectors and all irreps the results are
collected in a single outdir directory and ph.x is run again to
produce the dynamical matrices. The files with the
contributions of the irreps to the dynamical matrix are in the
outdir/_phprefix.phsave directories and are called
data-file.xml.#iqg.#irr. All these files have to be copied
in one outdir/_phprefix.phsave directory and ph.x must
be run on this outdir without any flag. Note that if the file
data-file.xml.#iqg.#1irr for some qg-vector or for some
irreps is missing ph . x will recalculate the missing contribution
to the dynamical matrix.
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