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Within the Born-Oppenheimer adiabatic approximation the
nuclei move in a potential energy given by the total energy of
the electron system calculated (for instance within DFT) at fixed
nuclei. We call

Etot(R) + 1))

this energy. The electrons are assumed to be in the ground
state for each nuclear configuration.

If juy| is small, we can expand E; in a Taylor series with
respect to u,. Within the harmonic approximation:

aEmt 1 92 Etot
Ewot(Ri4+Uu)) = Eit(R)) +§ au, Uiat3 § JuL.0u; 8uJﬁulauJﬁ+---
o I, e

where the derivatives are calculated at u; = 0 and o and
indicate the three cartesian coordinates.
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Equations of motion

At equilibrium §&2t = 0, so the Hamiltonian of the ions

becomes:
P? 8 Eto[’
H= %: M 2 Z c‘)u,aau Wiallys

where P, are the momenta of the nuclei and M, their masses.
The classical motion of the nuclei is given by the N x 3 x Ny
functions u,,(t). These functions are the solutions of the
Hamilton equations:

4 _ OH
la - 8P/a

: OH

Po = ———
low 3U/a
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Equations of motion-I|

With our Hamiltonian:

u _ P/a
low - M/
_ 2
P = -3 . 9°Etor
or:
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The phonon solution

We can search the solution in the form of a phonon. Let’s
introduce a vector q in the first Brillouin zone. For each q we
can write:

1 (AR, ~wat)
\/VSRG us.(q)e
where the time dependence is given by simple phase factors
etiwal and the displacement of the atoms in each cell identified
by the Bravais lattice R,, can be obtained from the
displacements of the atoms in one unit cell, for instance the one
that corresponds to R, = 0: ﬁUSa(q)-

Upsa ( t) =
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Characteristic of a phonon in one dimension - |

A phonon at g = 0 has the same displacements in all unit cells:

R 1 1 1 1 1 g=0
&® 69 69 69 69
2

; _m _ 27
A zone border phonon with gzg = 7 = G/2, where G= < is a

reciprocal lattice vector, has displacements which repeat every
two unit cells:

igR _2n 1l
gd 1 -1 1 -1 1 =3

a a
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Characteristic of a phonon in one dimension - Il

A phonon with g = gzg/2 has displacements which repeat
every four unit cells:
1

iR ¢ i 1 i 1 g=28L1
a4

&9 0 09 & 0 0 &6»
a a a a

e

A phonon at a general wavevector q could be incommensurate
with the underlying lattice:

R g V2 imk B2 2wl q:z_amlzz
?—NO 9 6 ® 6 &9 O &
a a a a
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The phonon solution

Inserting this solution in the equations of motion and writing
I =(w,s), J = (v,s") we obtain an eigenvalue problem for the

3 x Ng variables us,(q):

waUsa(d) = > _ Dsas's(a)us5(a)
s'B

where:

= clA(R,—R,)

1
Dgs =
sas ﬂ(q) \/m ; 8u#saauus'ﬂ

is the dynamical matrix of the solid.
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Within DFT the ground state total energy of the solid, calculated
at fixed nuclei, is:

Eur = (0~ 572100+ [ Vieo Do)+ Enls] + Excll+ U

1

where p(r) is the density of the electron gas:

p(r) =D [i(n)P

]
and |v;) are the solution of the Kohn and Sham equations. Ey
is the Hartree energy, Exc is the exchange and correlation
energy and Uy, is the ion-ion interaction. According to the
Hellmann-Feynman theorem, the first order derivative of the
ground state energy with respect to an external parameter is:

8El‘ot _ 0 V/oc(r) %

O oA oA

p(1)d®r +
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Deriving with respect to a second parameter p:

a2El‘Ol‘ _ 62 V/OC(r) ( )d3r+ a UII
BTN DO Do
OWVioc(r) 0p(r) 3
+ B\ o d®r

So the new quantity that we need to calculate is the charge
density induced, at first order, by the perturbation:

20 - ) 20+ i 20

To fix the ideas we can think that A = u,s, and = U, g5
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The wavefunctions obey the following equation:
1
{—ZVZ + VKS(r)] ¥i(r) = eii(r)
where Vs = Vipo(r) + Vy(r) + Vie(r). Vks(r, 1) depends on p

so that also ;(r, 1), and ¢;(x) depend on u. We can expand
these quantities in a Taylor series:

oV
Vis(ton) = Vie(rs =0)+ n 280
oi(r)
ALK - ir, :o
Yi(r, 1) Yi(r,p=0)+p on +
) = en=0)+uit

o
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Inserting these equations and keeping only the first order in
we obtain:

1 2 81/),(|') OVKS 86,
. V, ey =
3V + Vis(r) — )] 20 ke 1 S
where: % = s 4 I aavlf and
8VH op(r
r— r’] c’)y
8VXC _ dVXC d/)( )
ou dp O

depend self-consistently on the charge density induced by the
perturbation.
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The induced charge density depends only on Pcaw' where
P. =1 — P, is the projector on the conduction bands and
P, = 3"; i) (| is the projector on the valence bands. In fact:

Ip(r) 8¢*( ) Oi(r) |
o Z I |

$i(r) + 47 (r)Pe

D> _Pv%if”wn +uitnp 2

I [ RO

- 340 ) (15210 + @‘fp)_
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Therefore we can solve the self-consistent linear system:

1 oY;(r oV
572+ Vis(r) —ai| P2 _p Zs
where
o Ou ou ou
and

Wm:}j{a%“mm+mma

Ohi(r)
o

Andrea Dal Corso Lattice dynamics



Lattice dynamic of a solid: phonons
Density functional perturbation theory
Interatomic force constants
Thermodynamics

ph.x

Practical calculations

The program ph. x solves this self-consistent linear system for
3 x Nz perturbations at a fixed vector q. With ag—g) for all the
perturbations it calculates the dynamical matrix

Dsass(d)

at the given q. Diagonalizing this matrix we obtain 3 x Ny
frequencies wq,,. By repeating this procedure for several q we
could plot wq,, as a function of q and display the phonon
dispersions. However, it is more convenient to adopt a different
approach that requires the calculation of the dynamical matrix
in a small set of points q.
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The dynamical matrix of the solid:

1 82Etot eiq(Ry—Ru)
\V4 MSMS’ l/ 8uu$aaul/3/13

is a periodic function of q with Ds,¢3(q + G) = Dsas3(q) for
any reciprocal lattice vector G. Furthermore, due to the
translational invariance of the solid it does not depend on (.
Eq.1 is a Fourier expansion of a three dimensional periodic
function. We have Fourier components only at the discrete
values R, of the Bravais lattice and we can write:

Dsasp(d) =

1 PEx _ Q /dqu s(@)e-TRR (1)
\/mauus()auyslﬂ o (27T)3 sas’'B
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We can use the properties of the discrete Fourier transform and
sample the integral in a uniform mesh of points q. This will give
the interatomic force constants only for a certain range of
values of R, neighbors of R,,. The code g2r.x reads a set of
dynamical matrices calculated in a uniform mesh of q points
and calculates, using Eq. 1, the interatomic force constants for
a shell of neighbors of the point R, = 0.
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Therefore, if the dynamical matrix is a sufficiently smooth
function of q and the interatomic force constants decay
sufficiently rapidly in real space, we can use Eq. 1 to calculate
the dynamical matrix at arbitrary q, limiting the sum to a few R,
neighbors of R, = 0. The program matdyn . x reads the
interatomic force constants calculated by g2r . x and calculates
the dynamical matrices at an arbitrary q using Eq. 1.
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The canonical partition function

The vibrational energy of a solid whose phonon modes have
frequencies wq,, depends on the number of phonons ng ., in

each mode: 1
E = qZ; <nq’l, + 2> thJ/,

where i indicates the set of integer numbers nq .. At a given

temperature T the probability that the solid has a certain

energy E; can be calculated by statistical methods and it is:
1

z¢’

E;
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where Z is the canonical partition function defined as
z=> e"",
i

the sum is over all the possible sets of integers nq, and
B =1/KgT (Kg is the Boltzmann constant). We can write

Z = Z e PE — H i g~ (n+1/2)Bhwq,.
i

q,v \n=0
Making the sum over n and taking the logarithm gives:

e_%ﬁh/dq,u

— J— i ﬂhquy
InZ = ;In e _—qzy:ln [Zsmh(z)

> Mar _ o0 [1— o]
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The thermodynamic functions

The energy per unit volume of the solid is:

_1Y,EeP5 10z

TV SefE TV ap

The Helmholtz free energy per unit volume (f = u — Ts where s
is the entropy per unit volume), is given by:

fe-1lz

VB
Using the expression of In Z in terms of the phonon
frequencies, we have:

hegy hwq.
VZ 3 Vzeﬂhwqj—1
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The phonon density of states

Introducing the phonon density of states:
V Z 5 qu

we can write the thermodynamic fuctions as one dimensional
integrals over the frequencies:

fo /Ooo dw g(w)In [2 sinh(ﬂzw)} ,

& hw & hw
1

s= 7(u— f).
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The thermodynamic functions

The small program print_thermo. x reads as input a file with
the phonon dos and gives as output f, u, and s as a function of
T. Moreover it writes the isochoric specific heat:

2

ou S Bhi)2

vV = = = K _—
Vo B/o o ol) [sinh(ﬁg‘”)]

0 hw 2

See also the QHA package in the QE distribution for a similar
functionality.
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The «-( structural transition in Tin - |

The structure of Tin in the « phase (T < 13C) is the diamond
structure (note a centered tetragonal unit cell with ¢ = v/2a):

‘i->
—

=

The structure of Tin in the g phase (T > 13C) (¢ =~ 0.55a):
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The a-( structural transition in Tin - |l

Phase stability is studied comparing the Helmholtz free
energies at different temperatures:
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P. Pavone, S. Baroni, and S. de Gironcoli, Phys. Rev. B 57,
10421 (1998).
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